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, Abstract. A real number a is called recursively enumerable if there exists a com- 

CN I putable, increasing sequence of rational numbers which converges to a. The randomness 

I>^' of a recursively enumerable real a can be characterized in various ways using each of the 

notions; program-size complexity, Martin-Lof test, Chaitin's number, the domination 
and Jl-likeness of a, the universality of a computable, increasing sequence of rational 
' numbers which converges to a, and universal probability. In this paper, we generalize 

these characterizations of randomness over the notion of partial randomness by pa- 
rameterizing each of the notions above by a real number T € (0, 1]. We thus present 
several equivalent characterizations of partial randomness for a recursively enumerable 
real number. 
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ON . 1 Introduction 



A real number a is called recursively enumerable ("r.e." for short) if there exists a computable, 
increasing sequence of rational numbers which converges to a. The randomness of an r.e. real a 
00 ! can be characterized in various ways using each of the notions; program-size complexity, Martin-Lof 

' test, Chaitin's number, the domination and ^.-likeness of a, the universality of a computable, 

increasing sequence of rational numbers which converges to a, and universal probability. These 
^ \ equivalent characterizations of randomness for an r.e. real number are summarized in Theorem 13.41 

' (see Section [3]), where the equivalences are established by a series of works of Schnorr [13j, Chaitin 

[1], Solovay [14J, Calude, Hertling, Khoussainov and Wang [1], Kucera and Slaman [8], and Tadaki 
[17j . In this paper, we generalize these characterizations of randomness over the notion of partial 
randomness, which was introduced by Tadaki |151 I16j . We introduce several characterizations 
of partial randomness for an r.e. real number by parameterizing each of the notions above on 
randomness by a real number T G (0, 1]. We prove the equivalence of all these characterizations of 
partial randomness in Theorem 14.61 our main result, in Section [H 

The paper is organized as follows. We begin in Section [2] with some preliminaries to algorithmic 
information theory and partial randomness. In Section O we review the previous results on the 
equivalent characterizations of randomness for an r.e. real number. Our main result on partial 
randomness of an r.e. real number is presented in Section HI and its proof is completed in Section 
[5l In Section [6l we investigate some properties of the notion of T-convergence for an increasing 
sequence of real numbers, which plays a crucial role in our characterizations of partial randomness. 
We conclude this paper with a mention of the future direction of this work in Section [71 
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2 Preliminaries 



2.1 Basic notation 

We start with some notation about numbers and strings which will be used in this paper. is 
the cardinality of S for any set 5. N = {0, 1, 2, 3, ... } is the set of natural numbers, and N"*" is 
the set of positive integers. Q is the set of rational numbers, and M is the set of real numbers. A 
sequence {a^jneN of numbers (rational numbers or real numbers) is called increasing if an+i > an 
for all n G N. 

{0, 1}* = {A, 0, 1, 00, 01, 10, 11, 000, 001, 010, . . . } is the set of finite binary strings where A de- 
notes the empty string, and {0, 1}* is ordered as indicated. We identify any string in {0, 1}* with 
a natural number in this order, i.e., we consider ip: {0, 1}* N such that (p{s) = Is — 1 where the 
concatenation Is of strings 1 and s is regarded as a dyadic integer, and then we identify s with 
ip{s). For any s G {0, 1}*, |s| is the length of s. A subset S of {0, 1}* is called a prefix-free set if no 
string in 5 is a prefix of another string in S. For any partial function /, the domain of definition 
of / is denoted by dom/. We write "r.e." instead of "recursively enumerable." 

Normally, o(n) denotes any function /: N"*" M such that liuin^oo fin)/n = 0. On the other 
hand, 0(1) denotes any function g: N+ — > R such that there is C G M with the property that 
\g{n)\ < C for all n G N+. 

Let a be an arbitrary real number. We denote a — \_a\ by a mod 1, where [aj is the greatest 
integer less than or equal to a. Hence, a mod 1 G [0, 1). Normally, [a] denotes the smallest integer 
greater than or equal to a. We denote by an G {0, 1}* the first n bits of the base-two expansion of 
a mod 1 with infinitely many zeros. Thus, in particular, if q G [0, 1), then q„ denotes the first n 
bits of the base-two expansion of a with infinitely many zeros. For example, in the case of a = 5/8, 
ae = 101000. 

A real number a is called r.e. if there exists a computable, increasing sequence of rational 
numbers which converges to a. An r.e. real number is also called a left- computable real number. 
On the other hand, a real number a is called right- computable if —a is left-computable. We say 
that a real number a is computable if there exists a computable sequence {a^lnGN of rational 
numbers such that |a — a„| < 2~" for all n G N. It is then easy to see that, for every a G M, a is 
computable if and only if a is both left-computable and right-computable. A sequence {a„}„gN of 
real numbers is called computable if there exists a total recursive function / : N x N — Q such that 
|on ~ /(^j'Ti)! < 2~™ for all n, m G N. See e.g. Pour-El and Richards [TT] and Weihrauch [20] for 
the detail of the treatment of the computability of real numbers and sequences of real numbers. 

2.2 Algorithmic information theory 

In the following we concisely review some definitions and results of algorithmic information the- 
ory [U [5]. A computer is a partial recursive function C: {0,1}* {0,1}* such that domC 
is a prefix-free set. For each computer C and each s G {0,1}*, Hc{s) is defined by Hc{s) = 
min I IpI | p G {0, 1}* & C(p) = s }. A computer U is said to be optimal if for each computer C 
there exists a constant sim(C) with the following property; if C{p) is defined, then there is a p' 
for which U{p') = C{p) and \p'\ < \p\ + sim(C). It is easy to see that there exists an optimal 
computer. We choose a particular optimal computer U as the standard one for use, and define 
H{s) as Hu{s), which is referred to as the program-size complexity of s, the information content of 
s, or the Kolmogorov complexity of s [3 [U S]. Thus, H{,s) < Hc{s) + sim(C) for every computer 
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c. 

Let V be an arbitrary optimal computer. For each s G {0, 1}*, -Py(s) is defined as Yl,v{p)=s 
Chaitin's halting probability ^ly of ^ is defined by 

pGdom V 

Thus, nv = E.e{o,i}* Pv{s). 

Definition 2.1 (weak Chaitin randomness, Chaitin [ll|5]). For any a € M, we say that a is weakly 
Chaitin random if there exists c € N such that n — c < H{an) for all n G N^. □ 

Chaitin [1] showed that, for every optimal computer V ^ fiy is weakly Chaitin random. 

Definition 2.2 (Martin-Lof randomness, Martin-Lof [lOj). A subset C o/N+ x {0,1}* is called a 
Martin-Lof test if C is an r.e. set and 

Vn G N+ ^ 2-1"! < 2^", 

where C„ = { s | (n, s) G C } . For any a G M, we say that a is Martin-Lof random if for every 
Martin-Lof test C, there exists n G N"*" such that, for every k G N"*", ^ Cn. □ 

Theorem 2.3 (Schnorr [13]). For every a G M, a is weakly Chaitin random if and only if a is 
Martin-Lof random. □ 

It follows from Theorem 12.31 that fiy is Martin-Lof random for every optimal computer V. 

The program-size complexity H{s) is originally defined using the concept of program-size, as 
stated above. However, it is possible to define LL{s) without referring to such a concept, i.e., as in 
the following, we first introduce a universal probability m, and then define H{s) as — log2m(s). A 
universal probability is defined as follows [21j. 

Definition 2.4 (universal probability). A function r: {0, 1}* — > [0, 1] is called a lower- computable 
semi-measure i/ l^sgjo i}* ^(s) ^ 1 ^.f^^ the set {(a, s) G Q x {0,1}* | a < r(s)} is r.e. We say 
that a lower-computable semi-measure m is a universal probability if for every lower-computable 
semi-measure r, there exists c G such that, for all s G {0, 1}*, r(s) < cm{s). □ 

The following theorem can be then shown (see e.g. Theorem 3.4 of Chaitin [4J for its proof). 

Theorem 2.5. For every optimal computer V , both 2~^^^^'> and Pv{s) are universal probabilities. 

□ 

By Theorem l2.51 we see that H{s) = — log2 m(s)-\-0{l) for every universal probability m. Thus 
it is possible to define LL{s) as — log2 m{s) with a particular universal probability m instead of as 
Hij(s). Note that the difference up to an additive constant is nonessential to algorithmic information 
theory. Any universal probability is not computable, as corresponds to the uncomputability of H{s). 
As a result, we see that < ^^^{0 i}* rn{s) < 1 for every universal probability m. 
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2.3 Partial randomness 



In the works |15i I16j . we generalized the notion of the randomness of a real number so that the 
degree of the randomness, which is often referred to as the partial randomness recently [21 HIE]) 
can be characterized by a real number T with < T < 1 as follows. 

Definition 2.6 (weak Chaitin T-randomness). Let T G M with T > 0. For any a G R, we say that 
a is weakly Chaitin T -random if there exists c G N such that Tn — c < H{an) for all n G N"*". □ 

Definition 2.7 (Martin-Lof T-randomness). Lei T G M with T>Q. A subset C o/N+ x {0, 1}* is 
called a Martin-Lof T -test if C is an r.e. set and 

Vn G N+ ^ 2"^l'*l < 2"". 

sGC„ 

For any a G M, we say that a is Martin-Lof T -random if for every Martin-Lof T -test C , there exists 
n G such that, for every k G N+, ^ Cn- □ 

In the case where T = 1, the weak Chaitin T-randomness and Martin-Lof T-randomness result 
in weak Chaitin randomness and Martin-Lof randomness, respectively. Tadaki [16] generalized 
Theorem 12.31 over the notion of T-randomness as follows. 

Theorem 2.8 (Tadaki [16j). Let T be a computable real number with T > 0. Then, for every 
a G M, a is weakly Chaitin T -random if and only if a is Martin-Lof T -random. □ 

Definition 2.9 (T-compressibility). Let T G M with T > 0. For any a G M, ife say that a is 
T -compressible if H{an) < Tn + o{n), which is equivalent to 

n— >oo n 

□ 

For every T G [0, 1] and every a G M, if a is weakly Chaitin T-random and T-compressible, 
then 

hm ^ = T, (1) 

71— ►oo n 

and therefore the compression rate of a by the program-size complexity H is equal to T. Note, 
however, that ([T|) does not necessarily imply that a is weakly Chaitin T-random. 

In the works [151 116j. we generalized Chaitin's halting probability 0, to ^^(T) as follows. For 
each optimal computer V and each real number T > 0, the generalized halting probability riy(T) 
of V is defined by 

pGdom V 

Thus, J7y(l) = nv. If < T < 1, then J^y(T) converges and < Oy(T) < 1, since nv{T) < < 
1. The following theorem holds for ^}v{T)- 

Theorem 2.10 (Tadaki jlS^ I16|). Let V be an optimal computer and let T G M. 

(i) IfO < T < 1 andT is computable, thenVLv{T) is weakly Chaitin T-random andT -compressible. 
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(ii) // 1 < T, then Oy(T) diverges to oo. 



□ 



Note also that the computabihty of ^}v{T) gives a sufficient condition for a real number T £ 
(0, 1) to be a fixed point on partial randomness as follows. 

Theorem 2.11 (Tadaki [H]). Let V be an optimal computer. For every T G (0,1), if Vlv{T) is 
computable, then T is weakly Chaitin T -random and T -compressible, and therefore 

Um SZli) = T. 

n—^oo fi 

□ 



3 Previous results on the randomness of an r.e. real 

In this section, we review the previous results on the randomness of an r.e. real number. First we 
review some notions on r.e. real numbers. 

Definition 3.1 (0-likeness). For any r.e. real numbers a and fi, we say that a dominates fi if 
there are computable, increasing sequences {a^} and {bn} of rational numbers and c G N'^ such 
that lim„^oo On = ol, lim„^oo = and c{a — an) > f3 — bn for all n G N. An r.e. real number a 
is called Q-like if it dominates all r.e. real numbers. □ 

Solovay [13] showed the following theorem. For its proof, see also Theorem 4.9 of [1]. 

Theorem 3.2 (Solovay [H])- For every r.e. real numbers a and fi, if a dominates fi then H{fin) < 
H{an) + 0{1). □ 

Definition 3.3 (universality). A computable, increasing and converging sequence {a„} of rational 
numbers is called universal if for every computable, increasing and converging sequence of 
rational numbers there exists c G such that c{a—an) > fi—bn for all n G N, where a = lim^^oo 
and fi = lim„^oo bn . □ 

The previous results on the equivalent characterizations of randomness for an r.e. real number 
are summarized in the following theorem. 

Theorem 3.4 (|13l HI Ell E El HZ])- Let a be an r.e. real number with < a < 1. Then the 
following conditions are equivalent: 

(i) The real number a is weakly Chaitin random. 

(ii) The real number a is Martin-Lof random. 
(Hi) The real number a is ^l-like. 

(iv) H(fin) < H[an) + 0[1) for every r.e. real number fi. 

(v) There exists an optimal computer V such that a = Vly. 

(vi) There exists a universal probability m such that a = Ylse{o i}* "^(■5)- 
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(vii) Every computable, increasing sequence of rational numbers which converges to a is universal. 

(via) There exists a universal computable, increasing sequence of rational numbers which converges 
to a. □ 

The historical remark on the proofs of equivalences in Theorem 13.41 is as follows. Schnorr [13j 
showed that (i) and (ii) are equivalent to each other. Chaitin [3j showed that (v) implies (i). 
Solovay [H] showed that (v) implies (iii), (iii) implies (iv), and (iii) implies (i). Calude, Hertling, 
Khoussainov, and Wang pLj showed that (iii) implies (v), and (v) implies (vii). Kucera and Slaman 
[8] showed that (ii) implies (vii) . Finally, (vi) was inserted in the course of the derivation from (v) 
to (viii) by Tadaki [T7] . 



4 New results on the partial randomness of an r.e. real 

In this section, we generalize Theorem 13.41 above over the notion of partial randomness. For that 
purpose, we first introduce some new notions. Let T be an arbitrary real number with < T < 1 
throughout the rest of this paper. These notions are parametrized by the real number T. 

Definition 4.1 (T-convergence) . An increasing sequence of real numbers is called T -convergent 
if X^^o('^"+i ~ On)^ < '"•S- '^c'^^ number a is called T-convergent if there exists a T- 

convergent computable, increasing sequence of rational numbers which converges to a. □ 

Note that every increasing and converging sequence of real numbers is 1-convergent, and thus 
every r.e. real number is 1-convergent. In general, based on the following lemma, we can freely 
switch from "T-convergent computable, increasing sequence of real numbers" to "T-convergent 
computable, increasing sequence of rational numbers." 

Lemma 4.2. For every a G M, q zs an r.e. T-convergent real number if and only if there exists a 
T-convergent computable, increasing sequence of real numbers which converges to a. 

Proof. The "only if" part is obvious. We show the "if" part. Suppose that {a„} is a T-convergent 
computable, increasing sequence of real numbers which converges to a. Then, we first see that there 
exists a computable sequence of rational numbers such that On < bn < fln+i for all n £ N. 
Obviously, {bn} is an increasing sequence of rational numbers which converges to a. On the other 
hand, using the inequality (x -|- y)* < x* -|- for real numbers x,y > and t G (0, 1], we see that 

{bn+l - bnf < (a„+2 - a„)^ < (0^+2 - On+l)^ + (On+1 " Qn)'^- ThuS, siuCC X]^=o(«n+2 " ^n+l)^ 

and Yl'^=o(.^n+i — «n)^ both converge, the increasing sequence {bn} of rational numbers is T- 
convergent. □ 

The following argument illustrates the way of using Lemma 14.21 Let V be an optimal com- 
puter, and let po,pi,p2, . . . be a recursive enumeration of the r.e. set domV. Then Qv{T) = 
2~IP'I/'^, and the increasing sequence {Y17=o'^~^^^^^'^} nen ^^^^ numbers is T-convergent 

since 

Qv = E£o 2-|P»l < 1. If T is computable, then this sequence of real numbers is computable. 
Thus, by Lemma 14.21 we have Theorem 14.31 below. 

Theorem 4.3. Let V be an optimal computer. If T is computable, then Ov'(T) is an r.e. T- 
convergent real number. □ 
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Definition 4.4 (r2(T)-likeness). An r.e. real number a is called il.{T) -like if it dominates all r.e. T- 
convergent real numbers. □ 



Note that an r.e. real number a is r2(l)-like if and only if a is ri-like. 

Definition 4.5 (T-universality). A computable, increasing and converging sequence {a„} of ratio- 
nal numbers is called T -universal if for every T -convergent computable, increasing and converging 
sequence of rational numbers there exists c € such that c{a — an) > f3 — bn for all n € N, 
where a = lim„^oo cind (3 = lim„^oo bn ■ □ 

Note that a computable, increasing and converging sequence of rational numbers is 1- 

universal if and only if {a„} is universal. 

Using the notions introduced above, Theorem 13.41 is generalized as follows. 

Theorem 4.6 (main result). Let a be an r.e. real number with < a < 1. Suppose that T is 
computable. Then the following conditions are equivalent: 

(i) The real number a is weakly Chaitin T -random. 

(a) The real number a is Martin-Lof T -random. 

(Hi) The real number a is Vt[T)-like. 

(iv) H[(3n) < H{an) + 0(1) for every r.e. T -convergent real number (3. 

(v) For every r.e. T -convergent real number 7 > 0, there exist an r.e. real number /? > and a 
rational number q > such that a = f3 + q'y. 

(vi) There exist an optimal computer V and an r.e. real number /3 > such that a = (3 + VtY{T). 

(vii) There exists a universal probability m such that a = ^^gjo 1}* t^{s)t . 

(via) Every computable, increasing sequence of rational numbers which converges to a is T -universal. 

(ix) There exists a T -universal computable, increasing sequence of rational numbers which con- 
verges to a. □ 

The condition (vi) of Theorem 14.61 corresponds to the condition (v) of Theorem 13.41 Note, 
however, that, in the condition (vi) of Theorem 14.61 8' non-negative r.e. real number (5 is needed. 
The reason is as follows: In the case of /? = 0, the possibility that a is weakly Chaitin T'-random 
with a real number T' > T is excluded by the T-compressibility of Q.v{T) imposed by Theorem 
12.101 (i). However, this exclusion is inconsistent with the condition (i) of Theorem 14.61 

Theorem 14.61 is proved as follows, partially based on Theorems [531 E31 E21 and 15.61 which will 
be proved in the next section. 

Proof of Theorem \4-(^ We prove the equivalences in Theorem 14.61 by showing the two paths [A] 
and [B] of implications below. 

[A] The implications (i) =?■ (ii) =^ (v) =?■ (vi) (i): First, by Theorem 12.81 (i) implies (ii) 
obviously. It follows from Theorem 15.31 b elow that (ii) implies (v), and also it follows from Theorem 
15.41 below that (v) implies (vi). For the forth implication, let V be an optimal computer, and let (3 
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be an r.e. real number. It is then easy to show that /5 + r2y(T) dominates J7y(T) (see the condition 
2 of Lemma 4.4 of pLj). It follows from Theorem 13.21 and Theorem 12.101 (i) that the condition (vi) 
results in the condition (i) of Theorem 14.61 

[B] The implications (v) =^ (vii) =^ (viii) =^ (ix) =^ (iii) =^ (iv) =^ (i): First, it follows from 
Theorem 15.51 below that (v) implies (vii), and also it follows from Theorem 15.61 below that (vii) 
implies (viii). Obviously, (viii) implies (ix) and (ix) implies (iii). It follows from Theorem 13.21 that 
(iii) implies (iv). Finally, note that Oc/(T) is an r.e. T-convergent real number which is weakly 
Chaitin T-random by Theorem 12.101 (i) and Theorem 14.31 Thus, by setting f3 to Qu(T) in the 
condition (iv), the condition (iv) results in the condition (i). □ 

As a consequence of Theorem 14.61 we obtain the following corollary, for example. 

Corollary 4.7. Suppose that T is computable. Then, for every two optimal computers V and W, 

H{{nv{T))n) = H{{nw{T))n) + 0(1). 

Proof. Corollary 14.71 follows immediately from Theorem 14.31 and the implication (vi) ^ (iv) of 
Theorem 14.61 □ 



5 The completion of the proof of the main result 

In this section, we prove several theorems needed to complete the proof of Theorem 14.61 For the 
sake of convenience, we first rephrase the definition of Martin-Lof T-randomness of a real number 
as follows. We denote by I the set {{n,q,r) £ x Q x Q | g < r}. A subset 2? of T is called a 
rational Martin-Lof T-test if V is an r.e. set and 

VnGN+ {r-qf<2-'', 

{q,r)eV{n) 

where D(n) = | {q, r) | {n,q,r) G P |. We can then show the following lemma, which rephrases the 
definition of the Martin-Lof T-randomness of a real number to give it more flexibility. 

Lemma 5.1. For every a (zM, a is Martin-Lof T -random if and only if for every rational Martin- 
Lof T-test T>, there exists n G N"^ such that, for every q,r Q, if {q,r) G T>{n) then a ^ [q,"!"], 
where [g, r] = {x G M | q < x < r}. 

Proof. First, we show the "if" part by showing its contraposition. Suppose that a is not Martin-Lof 
T-random. Then there exists a Martin-Lof T-test C such that 

Vn G N+ 3A; G N+ G C^. (2) 

We define a set P C T by 

V = {{n, O.s + [a\ , O.s + 2-1^' + ["J ) I ^ G C„}. 
Since C is an r.e. set, T> is also an r.e. set. We also see that, for each n G N+, 

Y: (r - g)^ = 2-^N < 2-^ 

{q,r)eV{n) sGC„ 
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Thus, P is a rational Martin-L6f T-test. On the other hand, note that f3 G [O.Pk + [P\ , O.Pk + 
2-\Pk\ _|_ i^^jj fQj. every /3 G M and every k £ N+. It fohows from ([2]) that, for every n G N"*", there 
exist q,r £ Q such that {q,r) £ T>{n) and a G [q,r]. This completes the proof of the "if" part. 

Next, we show the "only if" part by showing its contraposition. Suppose that there exists a 
rational Martin-Lof T-test T> such that 

Vn G N+ 3 g, r G Q [ (g, r) G V{n) & a G [g, r] ]. (3) 

In the case of a G Q, a is not Martin-Lof T-random, obviously. This can be shown as follows. 
We choose any one m G N"*" with Tm > 1. We then define a set C C N"*" x {0, 1}* by C = {(n, amn) \ 
n G N"*"}. Recall here that amn £ {0, 1}* denotes the first mn bits of the base-two expansion of 
a mod 1 with infinitely many zeros. Obviously, C is an r.e. set. We also see that, for each n G N"*", 

Therefore, C is a Martin-Lof T-test. On the other hand, Umn S Cn for every n G N"^. Hence, a is 
not Martin-Lof T-random, as desired. 

Thus, in what follows, we assume that a ^ Q. We choose any one no G N such that 

2~T^ < min{a - [qJ, [aj + 1 - a}. 

We then define a set P*-'^^ C T by 

= {{n,q- [Qj,r - [aJ) I n G N+ & (n + no,g,r) £ V k [a\ < q,r < [a\ + 1}. 

Obviously, P^^) is an r.e. set. We also see that 

E (r - g)^ < (r - g)^ < 2-("+"°) < 2"" 

(q,r) gX'(0){n) (g.r) e D(n+no) 

for each n £ N+. Thus, 2?(°) is a rational Martin-Lof T-test, and also C N+ x (0, 1) x (0, 1). On 
the other hand, by the choice of no, it is easy to see that, for every (n, g, r) £ X, if (g, r) £ Vin + no) 
and Q G [g, r], then r — q < 2""°/'^ and therefore \a\ < q,r < [a] + 1. It follows from ^ that 

Vn G N+ 3q,r £Q [(g,r) G D(°)(n) & a mod 1 G [g,r]]. (4) 

For each g, r G Q with < g < r < 1, let v{q,r) and w{q,r) be finite binary strings such that 
(i) v{q,r) = qk and w{q,r) = for some k £ and (ii) v{q,r) + 1 = w{q,r) where v{q,r) and 
w{q,r) are regarded as a dyadic integer. Such a pair {v{q,r),w{q,r)) of finite binary strings exists 
uniquely since < g < r < 1. Then, for every q,r £ Q with < g < r < 1, it follows that (i) 
2-Hq,r)\ ^ 2-l'"('?''')l <r-q, and (ii) for every /3 G M, if /? mod 1 G [q,r] then there exists /c G N+ 
such that either Pk = viQ, r) or = w{q, r). We define a set C C x {0, 1}* by 

C= (J {{n,v{q,r)),{n,w{q,r))}. 

{n+l,q,r)&V(0) 
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Note that, given q,r £ <Q with < g < r < 1, one can compute both v{q,r) and w{q,r). Thus, 
since V^^^ is an r.e. set, C is also an r.e. set. We also see that, for each n G N"^, 

^2-^1^1= |2-^l-('?''-)l +2-^l"'(^'^)l} < 2(r-(?f<2-". 

s^Cn (g,r)el'(0)(n+l) (i},r)eX'(0)(n+l) 

Thus, C is a Martin-Lof T-test. On the other hand, it is easy to see that, for every (n, g, r) G I, 
if {q,r) € 'D'^^\n + 1) and a mod 1 G [q,r]^ then there exists k € such that either = v{q,r) 
or Ok = w{q,r), and therefore (n, afc) G C. It follows from ^ that, for every n G N"*", there exists 
/c G N"*" such that G C„. Thus, a is not Martin-Lof T-random. This completes the proof of the 
"only if" part. □ 

Lemma [5. 2 1 and Theorem 15 . 71 below can be proved, based on the generalization of the techniques 
used in the proof of Theorem 2.1 of Kucera and Slaman [8] over partial randomness. We also use 
Lemma l5.1l to prove Lemma 15.21 below. 

Lemma 5.2. Let a be an r.e. real number, and let {(!„} be a computable sequence of positive rational 
numbers such that ^^=odn^ < 1. If a is Martin-Lof T-random, then for every e > there exist 
a computable, increasing sequence {a„} of rational numbers and a rational number q> Q such that 
an+i — an > qdn for every n G N, oq > a — e, and a = lim^^oo a-n- 

Proof. We choose any one rational number r with 2~^^'^ > r > 0. Since a is an r.e. real number, 
there exists a computable, increasing sequences of rational numbers such that bo > a — e and 
a = lim„_>oo bn. We construct a rational Martin-Lof T-test V by enumerating 'D{i) for each i G N"*" 
as follows. During the enumeration of 'D{i) we simultaneously construct a sequence {a{i)n}n of 
rational numbers. 

Initially, we set := and then specify a(i)o by a(i)o := bo. In general, whenever a(i)„ is 
specified as a(i)„ := bm, we update V^i) by T>{i) := V{i) U {(i, a(i)„, a(i)„ -|- r*d„)}, and calculate 
bm+i^bm+2^bm+3, ' ■ ■ One by one. During the calculation, if we find rui such that mi > m and 
bmi > a{i)n + r^dn, then we specify a(i)„+i by a{i)n+i '■= bm^ and we repeat this procedure for 
n + l. 

For the completed T> through the above procedure, we see that, for every i G N^, 
Y {r2 - nf = Yir^dnf < 2-' ^ 

(ri,r2) eX>(i) n n 

Here the second and third sums on n may be finite or infinite. Thus, P is a rational Martin-Lof 
T-test. Since a is Martin-Lof T-random, there exists k G such that, for every ri,r2 G Q, if 
(ri,r2) G 'D{k) then a ^ [r'i,r2]. It follows from a = lim„^oo &n that in the above procedure for 
enumerating T^^k), for every n G N we ever find mi such that mi > m and bmi > o,{k)n + r^'dn. 
Therefore, 'D{k) is constructed as an infinite set and also {a{k)n}n is constructed as an infinite 
sequence of rational numbers. Thus, we have a{k)n+i > a{k)n + r^dn for all n G N. Since {a{k)n)n 
is a subsequence of {bn}, it follows that the sequence {a{k)n}n is increasing, a{k)o > a — e, and 
a = lim„^oo CL{k)n- This completes the proof. □ 

Theorem 5.3. Suppose that T is computable. For every r.e. real number a > 0, if a is Martin-Lof 
T-random, then for every r.e. T -convergent real number^ > there exist an r.e. real number P > 
and a rational number q > such that a = j3 + q"-^. 
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Proof. Suppose that 7 is an arbitrary r.e. T-convergent real number with 7 > 0. Then there exists 
a T-convergent computable, increasing sequence {c^} of rational numbers which converges to 7. 
Since 7 > 0, without loss of generality we can assume that cq = 0. We choose any one rational 
number e > such that 

^(C„+1 - Cn)^ < i 
n=0 ^ 

Such e exists since the sequence {c„} is T-convergent. It follows that 

00 

^ [e{Cn+l - Cn)f < 1. 
n=0 

Note that the sequence {e{cn+i —Cn)} is a computable sequence of positive rational numbers. Thus, 
since a is r.e. and Martin-Lof T-random by the assumption, it follows from Lemma 15.21 that there 
exist a computable, increasing sequence {a„} of rational numbers and a rational number r > such 
that ttn+i — ttn > re{cn+i — Cn) for every n G N, > 0, and a = lim^^ooOn- We then define a 
sequence {6^} of positive real numbers by 5„ = a^+i — an — re{cn+i — Cn)- It follows that {6^} is a 
computable sequence of rational numbers and Yl'^=o converges to a — oq — re{^ — cq). Thus we 
have a = ao + X]JS=o ^" + ^^T' '^here + XlJ^o ^ positive r.e. real number. This completes 
the proof. □ 

Theorem 5.4. Suppose that T is computable. For every real number a, if for every r.e. T- 
convergent real number 7 > there exist an r.e. real number P > and a rational number q > 
such that a = (3 + q'y, then there exist an optimal computer V and an r.e. real number /3 > such 
that a = (3 + nv{T). 

Proof. First, for the optimal computer U, it follows from Theorem 14.31 that r2[/(T) is an r.e. T- 
convergent real number. Thus, by the assumption there exist an r.e. real number /3 > and a 
rational number q > such that a = (3 + qQu{T). We choose any one n G N with q > 2""/"^. We 
then define a partial function V : {0, 1}* {0, 1}* by the conditions that (i) dom^ = {0"p | p G 
dom U } and (ii) for every p G dom U, V{0'^p) = U{p) . Since dom V is a prefix-free set, it follows that 
y is a computer. It is then easy to see that Hy{s) = Hu{s)+n for every s G {0, 1}*. Therefore, since 
U is an optimal computer, V is also an optimal computer. It follows that f2v(T) = 2~"'/-^f]{/(T). 
Thus we have a = (5 + {q- 2-"/^)17[/(T) + VLv{T). On the other hand, since T is computable, 
l3 + {q — 2~"/-^)ri(/(T) is an r.e. real number. This completes the proof. □ 

Theorem 5.5. Suppose that T is computable. For every real number a G (0, 1), if for every r.e. T- 
convergent real number 7 > there exist an r.e. real number P > and a rational number q > 
such that a = (3 + q'j, then there exists a universal probability m such that a = X]se{o i}* "i(s)t . 

Proof. First, based on the optimal computer U we define a computer V : {0, 1}* — > {0, 1}* by the 
conditions that (i) Hv{s) = H{s) + 1 for every s G {0, 1}* and (ii) for every s G {0, 1}* and every 
n G N, if n > H{s) then there exists a unique p G {0, 1}* such that \p\ = n and V{p) = s. The 
existence of such a computer V can be easily shown using Theorem 3.2 of m, based on the fact 
that the set {(n, s) G N x {0, 1}* | n > H{s)] is r.e. and 

00 

n>H{s) se{0,l}* n=H{s)+l sG{0,l}* 
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where the first sum is over all (n, s) G N x {0, 1}* with n > H{s). It follows that V is optimal and 



^v(T)= E E 2-/^ = ^17^ E 2-^^^^^^. (5) 
se{0,l}* n=H{s)+l se{o,i}* 

By Theorem 14.31 'wg ^Iso see that r2\/(T) is an r.e. T-convergent real number. Thus, by the 
assumption, there exist an r.e. real number /? > and a rational number q > such that a = 
P+q^lviT)- We choose any one rational number e > such that e < 1 — and e^/-^ < q/{2^/^ — I). 
It follows from ([5]) that 



(6) 



Let 7 be the sum of the first, second, and third terms on the right-hand side of ([6]). Then, since T 
is computable, 7 is an r.e. real number. We define a function m: {0, 1}* (0, 00) by m(s) = 7^ if 
s = A; m(s) = e2~^(*) otherwise. Since 7'^ < < 1 — e, we see that X]sg{o 1}* "^(s) < 7"^ + e < 1- 
Since T is right-computable, 7-^ is an r.e. real number. Therefore, since 2~^^^^ is a lower-computable 
semi-measure by Theorem I2.5|. m is also a lower-computable semi-measure. Thus, since 2"^^*-* is 
a universal probability by Theorem 12.51 again and 7^ > 0, it is easy to see that m is a universal 
probability. On the other hand, it follows from ([6|) that a = X^^gjo i}* m(s)T. This completes the 
proof. □ 

Theorem 15.61 below is obtained by generalizing the proofs of Solovay [ 14J and Theorem 6.4 of 
Calude, Hertling, Khoussainov, and Wang [1]. 

Theorem 5.6. Suppose that T is computable. For every a G (0,1), if there exists a universal 
probability m such that a = J2se{o 1}* ^{^)^ ; then every computable, increasing sequence of rational 
numbers which converges to a is T-universal. 

Proof. Suppose that {a„} is an arbitrary computable, increasing sequence of rational numbers 
which converges to a = X]se{o 1}* ■ Since m is a lower-computable semi-measure and T is 

left-computable, there exists a total recursive function / : N — > such that, for every n G N, 
f{n) < f{n + 1) and 

J2 rn{k)^ > an. (7) 

k=0 

Recall here that we identify {0, 1}* with N. We then define a total recursive function g: N — N by 
g{k) = min{n G N | /c < f{n)}. It follows that g{f{n)) = n for every n G N and limfc^oo (^(/c) = 00. 

Suppose that {bn} is an arbitrary T-convergent computable, increasing and converging sequence 
of rational numbers. We then choose any one d G with Yl'^=Q{^'n+i — bn)^ < d. We then define a 
function r : N — > [0, 00) by r{k) = ~bg(k))'^ /d- Since T is computable, is T-convergent, 

and g{k -|- 1) = g{k),g{k) + 1, we see that r is a lower-computable semi-measure. Thus, since m 
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is a universal probability, there exists c G N"*" such that, for every A; G N, cm{k) > r[k). It follows 
from d?]) that, for each n G N, 

oo oo 

{cd)T {a - an) > dT' ^ {cm{k))T > ^ (bg^k+i) - bg(k)) = P - bn, 

k=f{n) k=f{n) 

where f3 = lim„^oo This completes the proof. □ 

Note that, using Lemma 15.21 we can directly show that the condition (ii) implies the condition 
(iii) in Theorem 14.61 without assuming the computability of T G (0,1], as follows. Theorem 15.71 
below holds for an arbitrary real number T G (0, 1] . 

Theorem 5.7. For every r.e. real number a, if a is Martin-Lof T -random, then a is Vt{T)-like. 

Proof. Suppose that (3 is an arbitrary r.e. T-convergent real numbers. Then there is a T-convergent 
computable, increasing sequence {6n} of rational numbers which converges to (5. Since {bn} is T- 
convergent, without loss of generality we can assume that X]^o(^"'+i ~ ^ri)^ < 1- Since a is 
r.e. and Martin-Lof T-random by the assumption, it follows from Lemma 15.21 that there exist a 
computable, increasing sequence {a^} of rational numbers and a rational number g > such that 
a„+i — a„ > q{bn+i — bn) for every n G N and a = lim^^ooan- It is then easy to see that 
a — an > q{(3 — bn) for every n G N. Therefore a dominates (3. This completes the proof. □ 

6 Some results on T-convergence 

In this section, we investigate some properties of the notion of T-convergence. As one of the 
applications of Theorem 14.61 following theorem can be obtained first. 

Theorem 6.1. Suppose that T is computable. For every r.e. real number a, if a is T-convergent, 
then a is T -compressible. 

Proof. Using (vi) =^ (iv) of Theorem 14.61 we see that H{an) < H{{Q.ij{T))n) + 0(1) for every 
r.e. T-convergent real number a. It follows from Theorem 12.101 (i) that a is T-compressible for 
every r.e. T-convergent real number a. □ 

In the case of T < 1, the converse of Theorem 16 . 1 1 does not hold, as seen in the following theorem 
in a sharper form. 

Theorem 6.2. Suppose that T is computable and T < 1. Then there exists an r.e. real number rj 
such that (i) r] is weakly Chaitin T-random and T-compressible, and (ii) rj is not T-convergent. □ 

In order to prove Theorem 16. 2^ the following lemma is useful. 

Lemma 6.3. 

(i) If {on} is a T-convergent increasing sequence of real numbers, then every subsequence of the 
sequence {a„} is also T-convergent. 
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(ii) Let a be a T-convergent r.e. real number. If {un} is a computable, increasing sequence of ra- 
tional numbers converging to a, then there exists a subsequence {a^} of the sequence {an} such 
that {a^} is a T-convergent computable, increasing sequence of rational numbers converging 
to a. 

Proof, (i) Let /: N ^ N such that f{n) < f{n + 1) for all n G N. Then, using repeatedly the 
inequality (x + y)* < + for real numbers x, y > and t G (0, 1], we have 



(«/(n+l) 



■/(n+l)-l 
fc=/(n) 



^ /(n+l)-l 
k=f{n) 



It follows that 

m /(m+l)-l 

(«/(n+l) - «/(n)) < y^ - 0,kV- 

n=0 fc=/(0) 

Since {a„} is T-convergent, we see that the subsequence {aj(„)} of {a„} is also T-convergent. 

(ii) We choose any one T-convergent computable, increasing sequence {bn} of rational numbers 
converging to a. It is then easy to show that there exist total recursive functions 17: N — s- N 
and /i: N ^ N such that, for all n G N, (i) g{n) < g{n + 1), (ii) h{n) < h{n + 1), and (iii) 
^g(n) < «/i{n) < ^g(n+i)- It follows from Lemma [6.31 (i) that the subsequence {^g(n)} of {bn} is 
T-convergent. Using the inequality {x + y)* < x* + y* for real numbers x,y > and t G (0, 1], we 
see that 

rj~t rj~t rj~j 

(a/i{n+l) - 0,h{n)) < {bg{n+2) " ^g{n)) < (^g(n+2) " ^s(n+l)) + (^g(n+l) ~ ^5{n)) • 

Thus, we see that the subsequence {ah(^n)} of {a„} is a T-convergent computable, increasing se- 
quence of rational numbers converging to a. □ 

The proof Theorem 16.21 is given as follows. 

Proof of Theorem \6.2l We choose any one recursive enumeration po,pi,p2, . . . of the r.e. set dom U, 
and define r] by 

00 

^ = £|p,|2-|P»l/^. 

1=0 

Then, since T is computable and T < 1, by Theorem 3 of Tadaki [18J we see that r] is an r.e. real 
number which is weakly Chaitin T-random and T-compressible0 Since T is computable, it is easy 
to show that there exists a computable, increasing sequence {an} of rational numbers such that 

X:iK|2-'^-l/^<a„<X:ifd2-l^'l/^ (8) 

i=0 1=0 

for all n G N"*". Obviously, {a„} is an increasing sequence of rational numbers converging to 77. 



^ In Theorem 3 of Tadaki [TSl, rj is furthermore shown to be Chaitin T-random, i.e., hm„^cx) Hirjn) — Tn = 00 
holds. 
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To show that ij satisfies the condition (ii) of Theorem 16.2^ let us assume contrarily that r] is 
T-convergent. Then it follows from Lemma 16.31 (ii) that there exists a total recursive function 
/: N — > N such that /(n) < /(n + 1) for all n G N, and is a T-convergent computable, 

increasing sequence of rational numbers converging to rj. On the other hand, since T is computable, 
it is easy to show that there exists a computable, increasing sequence {bn} of rational numbers such 
that 

f{n) /(n+l) 

J]2-l^'»l/^<6„< 2-1^'!/^ (9) 

i=0 1=0 

for all n G N. Obviously, {bn} is an increasing sequence of rational numbers converging to Of/(r). 
Since U is an optimal computer, using (vi) =^ (viii) of Theorem 14.61 we see that there exists c G N"*" 
such that c(0^(r) — bn) > r] — cif^n) fo'^ all n G N. It follows from ([8]) and ([9]) that 

oo oo 
i=f{n)+l i=f{n)+l 

for all n G N"*". Therefore, we have 

oo 

Y (c-|pil)2-|P>l/^>0 (10) 

i=/(n)+l 

for all n G N^. On the other hand, it is easy to show that limj_>oo \Pi\ = oo. Therefore, since 
lim„^oo/("') = cOj there exists ng G such that, for all i G N, if i > /(no) + 1 then > c. 
Thus, by setting n to uq in (jlOp . we have a contradiction. This completes the proof. □ 

Let Ti and T2 be arbitrary computable real numbers with < Ti < r2 < 1, and let V be 
an arbitrary optimal computer. By Theorem 12.101 (i) and Theorem 16. H we see that the r.e. real 
number Q.v{T2) is not Ti-convergent and therefore every computable, increasing sequence {a„} of 
rational numbers which converges to Oy(T2) is not Ti-convergent. Thus, conversely, the following 
question naturally arises: Is there any computable, increasing sequence of rational numbers which 
converges to VLy{Ti) and which is not T2-convergent ? We can answer this question affirmatively 
in the following form. 

Theorem 6.4. Let Ti and T2 be arbitrary computable real numbers with < Ti < r2 < 1. Then 
there exist an optimal computer V and a computable, increasing sequence {an} of rational numbers 
such that (i) VtyiTi) = lim„_>ooa„, (ii) {on} is T-convergent for every T G (T2,oo), and (Hi) {on} 
is not T-convergent for every T G (0,T2]. 

Proof. First, we choose any one computable, increasing sequence {c„} of real numbers such that (i) 
{cn} converges to a computable real number 7 > 0, (ii) {c„} is T-convergent for every T G (T2, 00), 
and (iii) {cn} is not T-convergent for every T G (0,T2]. Such {c„} can be obtained, for example, 
in the following manner. 

Let {cn} be an increasing sequence of real numbers with 

n+l / 1 \ 

-i: ■ 

fc=l ^ ^ 
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Since T2 > 0, we first see that {cn} is T-convergent for every T € (T2,oo), and {c„} is not T- 
convergent for every T € (0, r2]. Since T2 is a computable real number with < T2 < 1, it is easy 
to see that {c„} is a computable sequence of real numbers which converges to a computable real 
number 7 > 0. Thus, this sequence {c„} has the properties (i), (ii), and (iii) desired above. 

We choose any one rational number r with < r < I/7, and let (3 = rj. Obviously, /3 is a 

1 

computable real number with < (3 < 1 . Let 6 = 2 ^1 . Then 1 < b. We can then effectively expand 
P to the base-6, i.e., Property [1] below holds for the pair of (3 and b. 

Property 1. There exists a total recursive function f : N'*' — > N such that f{k) < [6] — 1 for all 

This can be possible since both /3 and b are computable. The detail is as follows. In the case 
where Property [2] below holds for the pair of P and b, Property [T] holds, obviously. 

Property 2. There exist m G and a function g: {1, 2, . . . , m} N such that g{k) < [6] — 1 
for all ke{l,2,...,m} and P = ^^^^ g{k)b~K 

Thus, in what follows, we assume that Property [2] does not hold. In this case, we construct the 
total recursive function / : N+ ^ N by calculating /(I), /(2), /(3), . . . , /(m), . . . one by one in this 
order, based on recursion on stages m. We start with stage 1 and follow the instructions below. 
Note there that the sum Xlfc^i^ f{k)b~^ is regarded as in the case of m = 1. 

At the beginning of stage m, assume that /(I), /(2), /(3), . . . , /(m — 1) are calculated already. 
We approximate the real number (3 — Yl^=i fi^)b~^ ^'^d the [6] — 1 real numbers 

6""^, 26"™, ([6] - 2)b-"\ ([6] -1)6-"^ 

by rational numbers with increasing precision. During the approximation, if we find / G {0, 1, 2, . . . , [6] — 
1} such that 

m—l 

Ib-"^ < (3-^ f{k)b-^ <{l + l)h-'^, (11) 
fc=i 

then we set f{m) := I and begin stage m + 1. 

We can check that our recursion works properly, as follows. Since < /3 < 1 < [6] 6^^, we 
see that < /? — Yl^=i f{k)b^^ < [6] 6^™ at the beginning of stage m = 1. Thus, in general, we 
assume that < /5 — Yl^=i f{^)b~^ < \b'\b~'^ at the beginning of stage m. Then, since (3 and 
b are computable and Property [2] does not hold, we can eventually find / G {0, 1, 2, . . . , [6] — 1} 
which satisfies (HH). Since 6"™ < \b'\b-^'^+^\ we have < /? - ^^^^ f{k)b-^ < at the 

beginning of stage m + 1. 

Thus, Property [H holds in any case. We choose any one L G N with 2^ > [6] - 1. Then 
Efcli /(^)2"^''+'^^ < Efcli(r&l - l)2-('=+^) < 1. Hence, by Theorem 3.2 of [1], it is easy to 
show that there exists a computer C such that (i) #{p [ \p\ = k + L p £ domC} = f{k) 
for every k G N^, and (ii) \p\ > 1 + L for every p G domC. We then define a partial function 
V: {0,1}* {0,1}* by the conditions that (i) domV = {Op \ p e domU } U { Ip | p G domC}, 
(ii) V{Op) = U{p) for all p G domC/, and (iii) V{lp) = C{p) for all p G domC. Since domV is a 
prefix-free set, it follows that F is a computer. It is then easy to check that Hv{s) < Hjj{s) + 1 
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for every s G {0,1}*. Therefore, since U is an optimal computer, V is also an optimal computer. 
On the other hand, we see that 

pGdom U pGdom C 

1 L+i °° 

= 2"^J7{/(ri) + 2"^ ^/(A:)2-'=/^i (12) 

k=l 

= 2"^17t/(ri) + 2"^/3. 

Since Ti is computable with < Ti < 1, it follows from Theorem 14.31 that there exists a Ti- 
convergent computable, increasing sequence {wn} of rational numbers which converges to ^}u{Ti). 
Then, since Ti is computable, it is easy to show that there exists a computable, increasing sequence 
{an} of rational numbers such that 

rjWn + CCn < On < rj^n+l + ^Cn+l 
1_ L+l 

for all n € N, where ry = 2 and ^ = 2 r. Obviously, by (fT2]) we have lim„_»oo On = 

1_ L+l 

2 ^1 r2[/(Ti) + 2 Ti r7 = fiyl^i)- Using the inequality (x + y)* < x* + y* for real numbers x, y > 
and t € (0, 1], we have 

(a„+i - On)"^ < [(??W„+2 + CCn+2) - (f?lt'n + CCn)]^ 

< ■lif{Wn+2 - Wn)^ + ^^(c„+2 " C„)^ 

< 7f{Wn+2 - Wn+lf + 'if {Wn+1 - Wnf 
+ C^{Cn+2 - Cn+lf + C^(c„+1 - C„)^. 

Thus, for each T € (T2, 00), since both and {c„} are T-convergent, {on} is also T-convergent. 
We also have 

(c„+2 - Cn+lf < [n{Wn+2 " Wn+l) + C(c„+2 - Cn+l)f /C^ 

= [{r]Wn+2 + Ccn+2) - {rjWn+1 + ^C„+i)]^ /^'^ 

< (a„+2 - anf li^ 

< (an+2 - an+if /i^ + (a„+i - anf /C^ ■ 

Thus, for each T € (0,T2], since {c„} is not T-convergent, it is easy to see that {a„} is not 
T-convergent also. This completes the proof. □ 

7 Concluding remarks 

In this paper, we have generalized the equivalent characterizations of randomness for a recursively 
enumerable real over the notion of partial randomness, so that the generalized characterizations 
are all equivalent to the weak Chaitin T-randomness. As a stronger notion of partial randomness 
of a real number a, Tadaki [15^ I16j introduced the notion of the Chaitin T-randomness of a, which 
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is defined as the condition on a that hm„,^oo -^^(Q^n) — T''^ = ooo Thus, future work may aim at 
modifying our equivalent characterizations of partial randomness so that they become equivalent 
to the Chaitin T-randomness. 
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